A procedure is investigated for assigning physically transparent, approximate vibrational and rotational quantum labels to variationally computed eigenstates. Pure vibrational wave functions are analyzed by means of normal-mode decomposition ͑NMD͒ tables constructed from overlap integrals with respect to separable harmonic oscillator basis functions. Complementary rotational labels J K a K c are determined from rigid-rotor decomposition ͑RRD͒ tables formed by projecting rotational-vibrational wave functions ͑J 0͒ onto products of symmetrized rigid-rotor basis functions and previously computed ͑J =0͒ vibrational eigenstates. Variational results for H 2 O, HNCO, trans-HCOD, NCCO, and H 2 CCO are presented to demonstrate the NMD and RRD schemes. The NMD analysis highlights several resonances at low energies that cause strong mixing and cloud the assignment of fundamental vibrations, even in such simple molecules. As the vibrational energy increases, the NMD scheme documents and quantifies the breakdown of the normal-mode model. The RRD procedure proves effective in providing unambiguous rotational assignments for the chosen test molecules up to moderate J values.
I. INTRODUCTION
During the past decade, remarkable progress has been achieved in the development of "numerically exact" variational methods for computing rotational-vibrational eigenstates of polyatomic molecules. [1] [2] [3] [4] [5] [6] [7] [8] [9] Notwithstanding the improved capabilities for converging on energy levels, the assignment and interpretation of the multitudinous resulting wave functions, especially at higher energies, remains a challenge. [10] [11] [12] [13] The problem is often exacerbated by the use of sophisticated basis sets and coordinate representations. While an unambiguous labeling of molecular rovibrational states is helpful in the physical interpretation of measured spectra, it is required for the construction of spectroscopic databases. [14] [15] [16] Different investigations often employ different labels for the same quantum states or spectroscopic transitions, confounding efforts to compile self-consistent databases.
An ideal labeling scheme would be physically incisive and independent of the coordinates and basis functions used to represent the Hamiltonian and the wave function. However, assignment schemes can be very useful even if these requirements are not fully met. Among the techniques that have been employed in the analyses of variationally computed nuclear-motion wave functions are "node counting" along specified cuts of coordinate space, 17, 18 the determination of "optimally separable" coordinates, 10, [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] the use of natural modal representations, 18, 29 and the evaluation of coordinate expectation values. 17 An alternative approach to assigning molecular eigenstates is provided by effective Hamiltonian methods, particularly in relatively low-energy regions.
The canonical models of the vibrations and rotations of a molecule are the quantum mechanical harmonic oscillator ͑HO͒ ͑Ref. 30͒ and rigid-rotor ͑RR͒ ͑Ref. 31͒ approximations, respectively. The low-lying states of semirigid molecules have traditionally been described by labels based on multidimensional normal-mode vibrational wave functions conjoined with RR rotational wave functions represented in a symmetric-top basis. A widespread preference for RRHO labels persists both for the appealing simplicity of the underlying models and for historical reasons. Of course, the RRHO labeling scheme is inherently model dependent, unlike methods based on natural modals, for example. Variational vibrational computations have often 3, [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] employed the Eckart-Watson Hamiltonian expressed in normal coordinates, [46] [47] [48] which leads straightforwardly to a HO labeling of the lower-lying eigenstates. During the more than 30-year development of variational nuclear motion computations with exact kinetic energy operators, the emphasis has gradually shifted away from the Eckart-Watson Hamiltonian to Hamiltonians expressed in internal coordinates. maintained for the Eckart-Watson Hamiltonian, perhaps expressed in a discrete variable representation ͑DVR͒, [54] [55] [56] [57] using potential energy functions given in internal coordinates and a multidimensional HO basis.
This paper presents an easily automated protocol for labeling variational rovibrational wave functions by constructing certain standardized types of normal-mode decomposition ͑NMD͒ and rigid-rotor decomposition ͑RRD͒ tables. The NMD labeling scheme formalizes normal-mode representations that have long been in use for variational vibrational wave functions but have been underutilized for quantitative assignments. Our RRD approach is more novel, and it is amenable to rovibrational computations using any set of vibrational coordinates. The NMD and RRD procedures are demonstrated here by variational rovibrational computations for the H 2 O, HNCO, trans-HCOD, NCCO, and H 2 CCO molecules.
II. ROTATIONAL-VIBRATIONAL LABELING PROTOCOL
The rotational-vibrational labeling protocol leading to NMD and RRD tables was implemented in our own nuclear motion program system called DEWE. 3 55, 58 and a full potential energy surface ͑PES͒ expressed in arbitrary coordinates. DEWE computes the required eigenvalues and eigenfunctions iteratively. 59, 60 The vibrational part of the DEWE program is described in detail in Ref. 3 . The treatment has been extended during the present work to include rotations as well.
Due to the normalization of the wave function and the orthonormality of the basis functions, ͚ i=1 N ͉C m,i ͉ 2 = 1 and one can write
The ͉C m,i ͉ 2 coefficients are, from now on, referred to as the elements of the NMD table.
The labeling of "exact" vibrational wave functions m ͑Q͒ with HO quantum numbers can be accomplished by picking out the dominant contributors in Eq. ͑2͒, which can be read directly from a NMD table. This simplification is similar in spirit to that employed during potential energy distribution, kinetic energy distribution, or total energy distribution analyses [61] [62] [63] [64] [65] [66] of harmonic vibrations executed within the GF formalism 30 to describe normal modes via internal coordinates.
The quantum analog 67 of the Kolmogorov-ArnoldMoser 68 theorem provides the basis for assigning quantum numbers via separability approximations, like the normalmode model. A NMD coefficient larger than 0.5 means a close similarity of the exact, nonseparable wave function to that provided by the separable HO Hamiltonian. A smaller coefficient does not mean that no good approximate quantum numbers can be found-it simply means that the HO approximation may not provide the best separation. This study is not concerned with searching for better separations than provided by the HO approximation ubiquitous in molecular spectroscopy.
Obviously, it would be advantageous to be able to produce NMDs from arbitrary wave functions represented with arbitrary basis functions and coordinates. In general, the integral given in Eq. ͑3͒ might be computed by numerical quadratures as
where w j and j are appropriately chosen quadrature weights and points, respectively, in the multidimensional space, and real-valued functions are assumed. However, if the variational wave functions are computed by programs built upon the use of internal coordinates, the computation of NMDs is hindered considerably as the internal coordinate and the HO wave functions whose overlap must be computed are based on different ranges and volume elements. Computation of NMDs is not at all simple in this case, and singularities which might arise in the Jacobi determinant could provide further difficulties.
B. Assignment and rigid-rotor decomposition of rotations
For the eigenstates of the field-free rovibrational Hamiltonian, the J rotational quantum number is exact, while the widely used K a and K c labels are approximate and correspond to ͉K͉ for the prolate and oblate symmetric-top limits of the RR, 31 respectively. In the present subsection a twostep algorithm based on certain nonstandard overlap integrals is proposed to match the computed rovibrational states with pure vibrational states and then generate the K a and K c labels.
By rearranging Eq. ͑1͒, one obtains values. This means of identification is valuable because the rovibrational levels belonging to a given vibrational state appear neither consecutively nor in a predictable manner in the overall eigenspectrum.
It is important to emphasize the pronounced dependence of the quantities P n J ,m J on the embedding of the body-fixed frame, as exhibited in Eqs. ͑5͒ and ͑7͒. The DEWE code employs the Eckart frame, 46 which is expected to be a trenchant choice for the overlap calculations due to a minimalized rovibrational coupling. Of course, this rotational labeling scheme can be extended to other variational rovibrational approaches employing arbitrary internal coordinates and embeddings.
After assigning 2J + 1 rovibrational levels to a pure vibrational state, the next step is to generate the K a and K c or = K a − K c labels. Such assignments could be naively based on the canonical energy stacking of asymmetric-top J K a K c states, derived from the symmetric-top limits, the symmetry labels of the states, and the noncrossing rule. 31 A rigorous approach is to set up what we call RRD tables. The two approaches do not necessarily give the same labels, although this problem occurred in only one case during the present study investigating low-J states. In order to compute the RRD coefficients it is necessary to evaluate the overlap integral
In light of these relationships, we define the RRD coefficients as the absolute square of the overlaps ͉S n J ,m,m J J ͉ 2 , and arrange them in a rectangular table whose rows are the exact states under consideration, ⌿ n J J ͑Q , , , ͒, and whose columns are the above-defined "basis" states, m ͑Q͒ m J J ͑ , , ͒.
III. NUMERICAL EXAMPLES
After developing eigenstate labeling capabilities into our code DEWE, applicable to semirigid molecules of arbitrary size, the utility of the proposed NMD and RRD protocols was investigated for examples of three-, four-, and fiveatomic molecules-H 2 O, HNCO, trans-HCOD, NCCO, and H 2 CCO. Important details of the calculations performed and definition of the normal coordinates for all the species investigated, including the appropriate transformation matrices and reference structures, are given in the supplementary material.
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A. Normal-mode decomposition tables
NMD of water
Assigning the large number of computed ͑and measured͒ rovibrational states of water up to its first dissociation limit is an extremely demanding task. 17 Without valid assignments, however, there is no hope of extending the information systems characterizing water spectroscopy beyond what is available at present. 14 Our NMD analysis of H 2
16
O ͑Table I͒ is based on the PES of Refs. 70 and 71. All of the vibrational eigenstates up to 7000 cm −1 , including the fundamentals, 72 are described accurately by the normal-mode model. The concept of polyads 12 and the polyad number P, defined here as P =2͑v 1 + v 3 ͒ + v 2 , have often been used to analyze the vibrational states of water ͑see, e.g., Ref. 73͒. Large NMD coefficients ͑Ն97%͒ are found for the ground state ͑P =0͒ and the bending fundamental ͑P =1͒, both one-dimensional blocks. For the three-dimensional P = 2 manifold ͑ 2 − 4 ͒, the strongest mixing occurs outside the polyad block; n.b. 2 1 and 1 + 3 contribute 10% and 9% to 3 and 4 , respectively. This mixing would likely be diminished in a natural modal representation. Unlike the P = 2 case, the largest mixings for the P = 3 states ͑ 5 − 7 ͒ are found within the polyad block, in accord with the usual polyad arguments. Among the P = 4 states ͑ 8 − 13 ͒, 11 is the most strongly mixed, the largest components therein being 2 1 ͑48%͒ and 1 ͑11%͒. In fact, none of the diagonal NMD values for 11 , 12 , and 13 exceeds 70%, indicating that the normal-mode picture has already started to break down for the purely stretching part of the P = 4 polyad. Thus, the NMD analysis nicely documents the anticipated transformation from normal-mode to local-mode behavior. Finally, we note that the NMD values in Table I are in full agreement with the coefficients in Eq. ͑33͒ of Whitehead and Handy, 33 despite the use of completely different PESs in the two studies. Such NMD transferability across PESs and computational methodologies is a merit for interpreting vibrational spectra.
Overall, as compared to later examples, for the lowenergy states considered H 2 16 O provides a well-behaved example for the NMD analysis, supported also by the fact that the frequency order of the exact states corresponds to that of the harmonic basis states. For higher energies, above about 12 000 cm −1 , 17 mixing of the basis states becomes so pronounced that the normal-mode labels lose any simple physical meaning. Nevertheless, the quantitative characterization provided by the NMD array remains useful in uniquely identifying vibrational eigenstates derived from diverse sources.
NMD of tetra-atomic molecules
Application of the NMD procedure to three tetra-atomic test cases, HNCO, trans-HCOD, and NCCO, provides the arrays in Tables II-IV . Technical details related to the chosen PESs are given in supplementary material. 69 Isocyanic acid ͑HNCO͒ is a classic quasilinear molecule whose spectroscopy has been extensively studied and whose anharmonic force field was first computed by one of us in Ref. 74 . The NCCO, trans-HCOH, and trans-HCOD molecules have recently been isolated and characterized for the first time, aided by selected NMD data we have previously reported. 75, 76 The examples collected in this section show that strong mixing of normal-mode wave functions at low vibrational energies is not a rare exception, even for fundamentals. Interestingly, the mixing can become so strong that the very notion of a fundamental vibrational state becomes ill defined. Besides its theoretical delicacy, this behavior has practical consequences. For instance, the strong mixing is manifested in the distorted intensity pattern in the case of the 14 6 ͒, with contributions from the ͑ 3 ,2 6 ͒ basis functions of ͑46, 59͒%, respectively. However, the only remaining possibility for 4 + 5 would then become 5 , and the 4 + 5 NMD coefficient for this wave function is only 22%, which is third largest in the list. In brief, an intricate structure is revealed for the vibrational eigenstates of HNCO in the mid-IR region that would be poorly understood without NMD as a quantitative tool.
For deuterated trans-hydroxymethylene (trans-HCOD͒, NMD data are reported in Table III for a total of 21 vibrational wave functions lying below 2900 cm −1 in relative en- 76 lie outside the energy region considered in Table IV .
Large diagonal NMD coefficients ͑Ն95%͒ allow the 5 ͑aЈ͒, 6 ͑aЉ͒, and 4 ͑aЈ͒ bending fundamentals to be readily assigned to wave functions 1 , 2 , and 6 at 219, 262, and 567 cm −1 , respectively. Nonetheless, identification of the remaining C u C stretching fundamental ͓ 3 ͑aЈ͔͒ suffers from the same type of ambiguity seen above for HNCO and trans-HCOD. In particular, 10 at 777 cm −1 and 12 at 795 cm −1 exhibit a strong Fermi resonance between 3 and the combination level 4 + 5 . The apparent C u C stretching fundamental is 12 , if assigned on the basis of the 55% 3 contribution. However, this choice would mean that the C u C 
NMD of ketene
In previous years the five-atomic ketene molecule ͑H 2 CCO͒ was too large for adequate variational nuclear motion treatments. This proved to be quite unfortunate because ketene exhibits several peculiar spectroscopic features, as summarized in Refs. [79] [80] [81] . Some of the complexities in the lower end of the high-resolution rovibrational spectrum of ketene arise because the three lowest fundamentals cluster in the 430-610 cm −1 region and the next two fundamentals occur in the 960-1120 cm −1 window. Understanding the ensuing resonances, assigning their spectral signatures, and treating them with theoretical techniques encounter severe difficulties. Thus, it is no surprise that "the rich history of infrared and microwave studies of the ketene molecule is a microcosm of the development of modern spectroscopy" ͑Ref. 79͒. The NMD and RRD tables generated in this study serve well the purpose of unraveling the complex spectroscopy of this simple molecule. 5 ͒ Fermi resonance tetrad that clouds the assignment of the C v C stretching fundamental ͑ 4 ͒. A striking manifestation is that the 5 + 6 basis state contributes between 12% and 45% to all variational wave functions in the set ͑ 8 − 11 ͒. Our current NMD results differ substantially from the more approximate coefficients extracted in Obtained with the all-electron ROCCSD͑T͒/cc-pCVQZ quartic internal coordinate force field taken from Refs. 76 and 77. Nine basis functions were used for each vibrational degree of freedom. The decomposition was extended to 160 states in each row and column; ͚ values denote the corresponding sums of the NMD coefficients over these states. Atomic masses, in u, m14 N = 14.003 074, m13 C = 13.003 355, m12 C = 12, and m16 O = 15.994 915 were adopted. c Vibrational intensities corresponding to excitations from the ZPV level, I / km mol −1 , were obtained with the DEWE program and an AE-ROCCSD͑T͒/ cc-pCVTZ third-order dipole field ͑Ref. 76͒.
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Ref. 79 , attesting to the intricacies of the vibrational mixing in this region. Nevertheless, both studies concur in the assignment of the experimental band 82 at 1116.0 cm −1 to the 4 fundamental. The 3 ͑CH 2 scissoring͒ fundamental is also strongly mixed, in this case due to a resonance between ͑ 4 , 8 + 9 ͒ basis states, which contribute ͑43%, 50%͒ and ͑50%, 45%͒ to ͑ 13 , 15 ͒, respectively. Therefore, the ketene molecule provides multiple examples in which the assignment of vibrational fundamentals is blurred. A much more detailed discussion of our variational vibrational computations on ketene will be presented in a forthcoming paper.
B. Rigid-rotor decomposition tables
According to the protocol of Sec. II B, the vibrational part of a rovibrational wave function ⌿ n J J can be character- Tables of RRD coefficients lead directly to K a K c labels for asymmetric tops. Overall, our protocol for variational computations assigns 2J + 1 clearly labeled rovibrational levels to each of the pure ͑J =0͒ vibrational states.
In our scheme the complete rovibrational label includes the irreducible representation ͑irrep͒ ⌫ of the molecular symmetry ͑MS͒ group, the total rotational angular momentum quantum number ͑J͒, K a and K c values corresponding to the asymmetric RR, and the normal-mode vibrational quantum numbers ͑v 1 , v 2 , ... ,v 3M−6 ͒. It is worth emphasizing that the first two labels, ⌫ and J, are exact, as they are valid for the exact nonintegrable Hamiltonian, while the last labels, K a , K c , and ͑v 1 , v 2 , ... ,v 3M−6 ͒, are inexact designations arising from the approximate rovibrational Hamiltonian.
Once a corresponding pure vibrational wave function m is identified for a rovibrational wave function ⌿ n J J , one could attempt to make the ͑K a , K c ͒ assignment by assuming canonical energy ordering of asymmetric-top rotational states. While this approach seems to be valid most of the time, it breaks down occasionally due to resonances. Mislabeling is often averted by first determining the proper irrep of the MS group for a rovibrational state and applying symmetry rules for ͑K a , K c ͒ before invoking energy ordering. For example, within the 1 vibrational state of water, the ͑K a , K c ͒ values must be ͓͑even, even͒, ͑odd, odd͒, ͑even, odd͒, ͑odd, even͔͒ when ⌫ = ͑A 1 , A 2 , B 1 , B 2 ͒, in order. In contrast, for the 3 vibrational state of water, the ͑K a , K c ͒ values must be ͓͑odd, even͒, ͑even, odd͒, ͑odd, odd͒, ͑even, even͔͒ when ⌫ = ͑A 1 , A 2 , B 1 , B 2 ͒. These and similar rules can be built into the automatic labeling protocol. Nonetheless, RRD coefficients must be employed to establish ͑K a , K c ͒ assignments more rigorously. The entries in an RRD table not only reflect the proper symmetries but also quantify the mixing of the RR functions in the exact rovibrational wave functions.
Our protocol was tested by obtaining complete rovibrational labels and constructing RRD tables for the low-lying rovibrational states of the parent isotopologues of water and ketene over several J values. Assignments based on the P n J ,m J quantities are shown in Tables VI and VII Tables VIII and IX. The need for an effective labeling protocol for rovibrational states can be readily appreciated even by a quick look at the panels of Figs. 1 and 2 . The intermingling of rotational levels corresponding to different vibrational states always occurs whenever J Ն 3. For example, the seven J = 3 rotational levels of H 2 16 O corresponding to the 1 fundamental span the 8429-8574 cm −1 interval, which also contains three rotational levels belonging to 3 that lie between 8528 and 8565 cm −1 . The scrambling of rovibrational states of H 2 16 O is especially evident in panels ͑e͒ and ͑f͒ of Fig. 1 
IV. SUMMARY
resulting from state-of-the-art variational computations in order to solve chemical problems and to compile selfconsistent spectroscopic databases, inter alia.
In this paper we demonstrate the use of NMD tables as a standard protocol for making quantitative assignments of exact, anharmonic vibrational states. Such tables follow naturally in variational approaches based on the Eckart-Watson Hamiltonian, and they are applicable, in principle, to general coordinate representations of the vibrational problem. Indeed, NMD tables can be most beneficial when coordinate systems are employed that are not chemically motivated.
A formalism for assigning rotational quantum labels to variational eigenstates with J Ͼ 0 is needed to complement the NMD approach for J = 0 states. We have proposed a method that uses a diagnostic evaluated from sums of squares of overlap integrals to match each rovibrational level with a pure vibrational state. After these identifications are made, RRD tables are utilized to find correspondences with asymmetric-top rotational eigenfunctions, and hence to ascribe labels. Our RRD protocol is applicable regardless of whether the vibrational part of the wave function is described well by normal-mode wave functions, and it is also able to clearly identify resonances between different rotational levels of different vibrational states. An interesting conclusion of the numerical results obtained is that the normal-mode picture of the vibrational bands commonly breaks down even for some of the fundamentals of molecules. Considerable mixing among some of the low-energy states seems to be the rule rather than the exception for the cases studied here. This finding may also be important for Eckart-Watson Hamiltonian-based vibrational self-consistent-field ͑VSCF͒ spectroscopy ͑and treatments based on such VSCF ansätze͒. Along with symmetry classification, the approximate vibrational and rotational labels attached to variationally computed rotational-vibrational eigenstates provide information much needed by experimental spectroscopists. NMD and RRD tables appear to be useful also for spectroscopic perturbation theory as they give a clear indication of extensive mixings among states which could be important when setting up the effective Hamiltonians used to The variational rovibrational computations were performed as specified in footnote a to Table VII. The J =3 rigid rotor eigenfunctions were constructed from the following equilibrium rotational constants: A = 9.4675 cm −1 , B = 0.3443 cm −1 , and C = 0.3322 cm −1 ͑Ref. 79͒.
